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1 Why I want to teach mathematics

Grok means to understand so thoroughly that the observer becomes a part of the
observed–to merge, blend, intermarry, lose identity in group experience.
– Robert Heinlein, Stranger in a Strange Land

I love mathematics. I want my students to have the same wonder and joy I experience when
thinking about math. Words cannot explain the feeling the first time one groks the Fundamental
Theorem of Calculus, or Cantor’s diagonalization argument.

Mathematical training gives students the analytical, critical thinking, and problem solving skills
needed to be diligent and productive members of society. Without mathematics how can one resist
the sweet seduction of sophistry? How can one understand complicated issues or make informed
decisions without amassing mathematical maturity?

Studying mathematics makes one realize the necessity of (occasional) pedantry to understand
subtleties. One realizes that there are surprising things that are true and seemingly obvious things
that are false. There is no room for ego in mathematics. Mathematics is learning how to gracefully
admit error and be vigilant when assessing arguments. Mathematics encourages intelligent, rational
discourse and hones communication skills.

I want to encourage a love of mathematics in every student I teach. History has shown that new
approaches and fresh insights are necessary to advance mathematics. Where would modern mathe-
matics be without contributions from Ramanujan, Noether, and Turing? We must stress diversity,
fight stereotypes about mathematicians, and support the disadvantaged and underrepresented.

Without deviation from the norm, progress is not possible. – Frank Zappa

2 How I teach mathematics

As a student, I thrived in traditional lecture-style classes. Because of this, I tend to teach in that
style. However, I am aware that there are many students who might do better in less traditional
classes. I incorporate as much interactivity as I can into my lectures. I like to ask questions (such
as “If the odometer in our car is broken, can we figure out how far we have driven just by watching
the speedometer?”) to motivate the material. After doing the first example of a problem I often ask
the class to walk me through how to do a second example. I would be interested in experimenting
with other teaching styles like Moore’s Method or flipping the classroom.

I like to use group work in my classes. I utilize a deck of cards to randomly assign groups
and have my students work through problems together. Since groupwork problems often overlap
with homework problems my students are motivated to stay focused. Groupwork gives them the
opportunity to explain mathematics to others, see alternative methods of solutions, and get help.
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I think of groupwork sessions as low-pressure mandatory office hours to ask questions and make
mistakes.

I do not believe that there are “math people” or “not-math people”, but rather that any moti-
vated student can learn mathematics. I have taught classes to students with disparate backgrounds:
sometimes half the class has taken calculus before and the rest are seeing it for the first time. I
also have experience supporting students with learning needs or English as a second language. By
taking time to review material at the beginning of the semester and carefully adjusting my pace
I keep everyone on the same page and interested in the material. I am always happy to provide
extra help to struggling students and discussing more advanced topics with stronger students.

Teaching mathematics also requires accepting that not everyone can become a math major, and
not everyone can specialize in every field of mathematics. My goal is to teach students to respect
and understand math rather than feel afraid or ashamed of it. I like to remind students with shaky
backgrounds the words of Henry David Thoreau: “If you have built castles in the air, your work
need not be lost; that is where they should be. Now put the foundations under them.”

I start each lecture with a “Word of the Day”. I often tie this word to the course material
(such as palimpsest for blackboard, and declivitous when discussing slope). I try to impress on
my students the beauty of the English language, its brobdingnagian vocabulary, and its evocative
figurative language. At the same time I point out all the downsides to English, its vagaries and
idiosyncrasies. I discuss the inverse relationship between precision and cogency by writing down
the intuitive definition of the limit in English and then comparing it to the rigorous epsilon-delta
definition. I discuss how mathematics gives us a powerful, universal, precise, rigorous language
but how it can seem lifeless and artless. I want my students to utilize this symbiotic relationship
between English and mathematics, to translate freely between English and mathematics.

In my syllabus for a basic calculus course I include the following: “All the limits, derivatives,
and integrals you will do in this class could be performed in milliseconds by WolframAlpha or a
graphing calculator. So why should you study calculus? Because computers cannot decide what
problems are important, translate real-world problems into mathematics, invent new ways to solve
problems, explain the algorithms they use, or interpret the solutions to problems. You will also
become more comfortable with numbers and calculation as well as hone your analytical thinking,
deductive skills, and problem solving abilities. These are the skills you will learn in this class which
will aid you in future classes and make you appealing to future employers.”

I like to use the material in the course as a conduit to talk about mathematics as a whole.
I like to emphasize abstraction and pattern recognition by pointing out the similarities between
variegated problems, to peel back all the shiny distracting wrapping and boil a problem down to
letters, numbers, and symbols without distraction or bias. I want my students to think about how
to think and learn how to learn.

As such I like to emphasize general problem solving skills. I encourage my students to remember
key ideas of proofs rather than the statements of theorems, or how to derive formulas instead of
memorizing them. I also like to include historical information and stories about the mathematicians
whose names adorn our theorems to give them context and make them more memorable.

I strive to teach with rigor without inducing rigor mortis. One sometimes has to have some faith
that others have done the difficult work, to not carefully retread the same path as those before you.
To paraphrase Dr. Brian Parshall, one must sometimes free oneself of tedious details to “soar over
the mathematical landscape”, to see the forest without stopping to investigate each leaf below you.
I try to encourage my students to treat mathematics like an essay: to have draft work with sketchy
notation, but then to rework it to be presentable. I want my students to think with intuition but
present with precision.
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Civilization advances by extending the number of important operations which we can
perform without thinking about them. Operations of thought are like cavalry charges
in a battle–they are strictly limited in number, they require fresh horses, and must only
be made at decisive moments. - Alfred Whitehead

I expect my students to have a certain amount of comfort and competency in algebra and
arithmetic, but I would much rather see a slipped minus sign than a conceptual error. On the other
hand I like to encourage my students to double-check their work and sanity-check their answers. I
like to talk about the sign and magnitude I expect to get out of a calculation before diving into it.
I even embrace making the occasional error at the board and explaining how to find and correct it.

I like to use online homework for rote practice. This has the advantage of giving students
instant feedback and can be configured to give students as many tries as they require with different
randomizations, and to automatically provide links to the relevant chapter of the book for review.
Online homework, however, has its drawbacks. It does not warn students if they are getting the
right answer for the incorrect reasons, and it cannot offer partial credit for minor errors. Online
homework is especially ill-suited to more complicated problems, conceptual problems, or problems
which require pictures or sentences. In short, I take advantage of online homework systems while
avoiding their potential pitfalls.

The important thing is to know what you are doing, rather than to get the right answer.
– Tom Lehrer

One of my favorite undergraduate instructors, Italo Simonelli, once told us that happiness is
overrated. I think this statement has a lot of merit, both in everyday life and in academia. Things
that are worth doing are almost always difficult. Because of this I like to challenge my students
and set high, but fair, expectations.

Problems worthy of attack prove their worth by hitting back. – Piet Hein

I give a written assignment every week which focuses on concepts, interesting examples, and
problems which require careful justification. I balance this by offering many hints, generous partial
credit, and plenty of office hours. I also encourage students to work together and then write up their
solutions independently. The extra time I spend writing the problems and solutions and grading is
worth the investment. I have recently experimented with mastery-based learning, allowing students
to resubmit written problems to encourage them to learn from their mistakes.

I enjoy writing or modifying problems for tests and homework. I like problems which highlight
subtleties, or combine several ideas together, or hint at mathematics that students will see later. I
like asking open-ended questions which make my students think and try to justify themselves using
both mathematics and English. For example, when teaching exponential decay and Newton’s Law
of Cooling I have my students work through the numbers of the McDonald’s coffee case and then
ask their opinion.

I am interested in creating and utilizing open educational resources. I sometimes use my photog-
raphy hobby to create illustrations for topics like related rates and parametrized curves. Recently, I
have been making animations and interactive graphs (using Desmos) to help my students visualize
mathematical concepts from the Central Limit Theorem to partial derivatives. I have also supple-
mented my lectures with videos, such as how to utilize graphing calculators, or demonstrating how
vectors can be used to prove theorems for geometry. The materials I have created are available on
my website, doctorhardy.wordpress.com.

I love discussing pedagogy and considering different approaches. I do not believe I have mastered
teaching, or that I ever will, but I will always be striving to improve.
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